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Ž . Ž .We list all imaginary cyclotomic extensions  x,   x with ideal classq M Ž x . q
number equal to one. Apart from the zero genus ones, there are 17 solutions up to
Ž . x -isomorphism: 13 of them are defined over  and the 4 remainings areq 3
defined over  .  2001 Academic Press4
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0. INTRODUCTION
In 1976, M. Masley determined the cyclotomic number fields with ideal
Ž  .class number one. There are 30 solutions see 15, Chap. 11 . In 1974,
 Hayes 8 developed a cyclotomic theory for algebraic function fields over
finite fields and since, class numbers of cyclotomic function fields have
been the subject of many research.
For instance, following the foundational work of Galovitch and Rosen
   5, 6 , Ireland and Small 9 have computed in a special case the relative
divisor class number of cyclotomic function fields, Kida and Murabayashi
 10 have given all cyclotomic function fields with divisor class number one,
     and Goss 7 , Feng 3 , and Feng and Gao 4 dealt with an analogue of
Vandiver’s conjecture and classical Kummer’s results about the divisibility
of class numbers.
Ž .We denote by k  x , with some x transcendental over  , a rationalq q
1Ž .function field,  its unique place ‘‘at infinity,’’ and consider Kx
Ž .K  k the cyclotomic function field extension associated with a polyno-M
Ž .   Ž .mial M x   x see Section 1 . In this paper, we determine theq
imaginary cyclotomic function fields extensions Kk that have an ideal
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class number equal to one, i.e., whose ring of -integers is principal.
Before giving our main result, let us quote two remarks.
 Kk is imaginary if and only if q 2, and we need therefore to
assume q 2 in order to expect a finite number of solutions.
 Ž .The ideal class number is associated with the extension K x ,q
Ž .and thus it only makes sense to give the solutions up to  x -isomor-q
phisms, rather than  -isomorphisms.q
We denote by g the genus of K. Our main result is:K
THEOREM 0.1. The solutions to the ideal class number one problem for
Ž .imaginary cyclotomic extensions k  k are gien byM Ž x .
1. q 3 and deg M 1, and then g  0,K
2. q 3 and, up to isomorphism x x 1,
Ž . Ž .M x g M x gK K
Ž . Ž .Ž .x x 1 0 x x 1 x 2 1
2 2Ž .x 1 x x 1 4
2 2Ž .x  1 2 x x  2 x 2 7
Ž .This gies 13 non- x -isomorphic field extensions.q
Ž . Ž .3. q 4 and, up to isomorphism, x x 1, M x  x x w or
Ž . Ž 2 . ² : M x  x x w , where w   , and then g  1. This gies fie4 K
Ž .non- x -isomorphic field extensions.q
In Sections 1 and 2 we recall definitions and relations linking the class
numbers of a totally imaginary extension of a totally real extension of
function fields. In Section 3 we give bounds for the divisor class numbers
of function fields. In Section 4, we recall basic results about cyclotomic
function fields. Finally, we prove Theorem 0.1 in case M is the power of an
irreducible polynomial in Section 5 and for a general M in Section 6.
1. CLASS NUMBERS OF FUNCTION FIELDS EXTENSIONS
Let K be an algebraic function field of one variable with finiteq
constant  , where q is a prime power, and let S be a finite set of places ofq
Ž .K. The ideal class number h associated with K , S is defined as the classS
number of the Dedekind ring
O  O ,S P
PS
STEPHAN SEMIRAT´ ´378
 Ž . 4where O  z K ,  z  0 is the local ring associated with theP P
valuation  at P. The diisor class number h of K is the order of theP K q
group of zero degree divisors, modulo the principal ones.
The integers h and h are related by the well known formula of F. K.S K
Ž  .Schmidt see for instance 12 ,
 h  r h , 1aŽ .S K S S
 4 Ž .where   gcd deg P, P S and r is the regulator of K , S , i.e., theS S
index of the group of principal divisors supported on S in the group of
zero degree divisors supported on S.
Computation of hK
For sake of completeness, we recall here how to compute h for anyK
function field K . The zeta function of K isq q
 rT L TŽ .K
Z T  exp N K  ,Ž . Ž .ÝK rž /r 1	 T 1	 qTŽ . Ž .r1
Ž . r rwhere N K stands for the number of rational places of K.  .r q q
Ž .One has h  L 1 andK K
gK
L T  1	  T 1	  T ,Ž . Ž . Ž .ŁK i i
i1
where g is the genus of K. The Riemann hypothesis for function fieldsK
  'tells us that the  ’s are complex numbers satisfying   q so thati i
gK
2L T  1	 2 Re  T qT . 1bŽ . Ž . Ž .Ž .ŁK i
i1
Ž .The numbers N N K are given byr r
g gK K
r r r i rN  q  1	  	   q  1	 2 Re  . 1cŽ .Ž .Ž .Ý Ýr i i i
i1 i1
Ž . Ž .As a consequence, one can compute L T knowing N N K forK r r
 4r 1, . . . , g , sinceK
2 gK
iL T  a T , 1dŽ . Ž .ÝK i
i0
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with
i1
ja  1, a  N 	 q  1 a , 1
 i
 g , andŽ .Ž .Ý0 i j i	j Ki j1
a  q g	 ia , 0
 i
 g .2 g 	i i KK
2. TOTALLY IMAGINARY EXTENSIONS
Let KK be a finite separable extension of function fields defined
over  such that, for a fixed set S of places of K , each place of Sq q
extends uniquely in K. Such an extension KK is said to be totally
imaginary at S. Let S be the set of places of K above those of Kq
in S.
Relatie Ideal Class Number
 Ž  .Let h  h be the ideal class number associated with K , S .S S
 Because KK is totally imaginary, one can prove as in 13, Proposition
  	 2.1 that h divides h . Let us set h  h h so that a necessary andS S S S S
sufficient condition for h  1 is h	  h  1.S S S
Relatie Diisor Class Number
Since KK is finite separable, the zeta function of K divides thatq
of K and thus the same result holds for the divisor class numbers. Letq
h be the divisor class number of K , and set h	  h h.K q K K K
Relatie Regulator
 Ž . Ž  .Let r and r be the regulators of K , S and K , S , respectively,S S
and set r	  r r.S S S
Furthermore, we consider the unit index
  
Q O :  O .S q S
 Then one can prove, as in 6, Lemma 1.15 , that
 S 	1 K : K
	r  . 2aŽ .S Q
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3. MINORATION OF THE RELATIVE DIVISOR
CLASS NUMBER
As above, let KK be a totally imaginary extension associated with
 Ž .sets of places S and S . Assume furthermore that     1. Using 1aS S
Ž . Ž  .applied to K , S and K , S , we obtain
h	  r	h	 . 3aŽ .K S S
In this section, we will minorate the relative divisor class number h	 inK
terms of g , g , and q, in order to obtain constraints for the termsK K
Ž . involved in 3a . For that we need upper bounds for h and lower boundsK
for h .K
Ž .We have from 1b and the Riemann hypothesis
2 gK 'h 
 q  1 . 3bŽ .Ž .K
The following lemma will improve this bound, when it is applied to K
and some of its subfield, as we will see later.
LEMMA 3.1. Let EF be a finite separable extension of function fields
Ž . Ž .defined oer  . If N E N F and g  g thenq 1 1 E F
g 	gE FN E 	N FŽ . Ž .1 1
h 
 h 1 q .E F ž /g 	 gE F
Proof. Up to reordering the  ’s, one hasi
g 	gE F
2L T  L T 1	 2 Re  T qT ,Ž . Ž . Ž .Ž .ŁE F i
i1
so that
g 	gE F
h  L 1  h 1 q	 2 Re  .Ž . Ž .Ž .ÝE E F i
i1
Now the result follows from the arithmetic mean geometric mean inequal-
ity
g 	gE Fg 	gg 	g E FE F Ý 1 q	 2 Re Ž .Ž .ii11 q	 2 Re  
 ,Ž .Ž .Ł i ž /g 	 gi1 E F
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Ž .and, using 1c ,
g 	gE F
2 Re  	 N E 	N F 
 0.Ž . Ž . Ž .Ž .Ý i 1 1
i1
Next we minorate h . First,K
2 gK'h  q 	 1 .Ž .K
However, if q
 4, this bound gives nothing more than h  1. There areK
better lower bounds for h that are obtained from properties of the curveK
Ž .or the Jacobian and not only from the Jacobian seen as any Abelian
 variety. One can find in 11 the following results. If g  1,K
2g 	1Kq q	 1Ž .
h  , 3cŽ .K g  1 q 1K
and if g  2,K
q	 1 q gK	1  1 N K q gK	1 	 1Ž . Ž .Ž . Ž .1
h  q	 1 . 3dŽ . Ž .K q 1 g  1 	N KŽ . Ž . Ž .K 1
Ž .  Ž .Now, using 3b for K and 3c for K , we obtain, for instance,
2g 	1Kq q	 1 1Ž .	h  . 3eŽ .K 2 gKg  1 q 1K 'q  1Ž .
4. CYCLOTOMIC FUNCTION FIELDS
We state basic results about cyclotomic function fields. For the proofs,
  Ž .the reader is referred to 5, 6, 8 . We denote by k  x a rationalq
function field.
Ž .The cyclotomic function field K , K k  associated with aq M
Ž .  polynomial M x   x is the smallest subfield of the algebraic closureq
kac of k containing the M-torsion points of the Carlitz module
  ac :  x  End kq q
x y x xy y q .
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Ž 2 .For instance, over  , the 2 x  1 -torsion points of the Carlitz module3
are roots of
2 x22 xx 1 1x 12Ž x 1. 2y  y  2 y  2 y  2 yŽ . Ž . Ž .Ž . Ž .
 2 y9  2 x 3  x y3  2 x 2  1 y.Ž . Ž .
Assume the factorization of the polynomial M is
r
n i  MM x  p x   x , Ž . Ž . Ž .Ý i q
i1
Ž .and let K k  .M
Ž Ž ..1. A finite place p p x of k is ramified in K if and only if
Ž . Ž .p x  p x for some i, 1
 i
 r. Then, setting d  deg p andi i i
Ž Ž .ni. d iŽni	1 .Ž d i . p x  q q 	 1 , p has ramification index equal toi
n i p x if r 1,Ž .Ž .i
n i p x  q	 1 otherwise.Ž . Ž .Ž .i
2. The extension Kk is Abelian; its Galois group is canonically
Ž   .isomorphic to  x M underq
 A mod M ,Ž .
Ž . Awhere A is defined by  y  y , for y any generator of  . As aM
consequence,
r
 ni    M   x M  K : k   p x . 4aŽ . Ž . Ž .Ž . Ž .Łq i
i1
Ž . Ž .3. There are exactly  M  q	 1 places of K above the infinite
1 1Ž . Ž .place  of k, each of degree 1, and the index of ramification ofx x
in K is equal to q	 1. In other words, the maximal real subfield of K , i.e.,
the subfield K of K fixed by the inertia group G of , is such that
  K : K  q	 1. In particular the extension KK is tame.
 4   44. Set S P K , P   and S P K , P S . One has  S
  1 so that we are in the situation described in Section 3. The unitS
Ž . Ž  .index Q associated with K , S and K , S is Q 1 ir r 1 and
Ž  .Q q	 1 otherwise see 6, Proposition 1.14 and Lemma 1.15 . Then
Ž .2a gives
 S 	1q	 1 if M is a prime power,Ž .	r  4bŽ .S  S 	2½ q	 1 otherwise.Ž .
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5. The genera g and g  of K and K, respectively, are given byK K
Ž  .the RiemannHurwitzZeuthen formula see 10
r  M  MŽ . Ž .
2 g 	 2	2 M  s d  q	 2 ,Ž . Ž .ÝK i in i p q	 1Ž .ii1
  MŽ .
q	 1 2 g 	 2   deg p x q	 2Ž . Ž . Ž . Ž .K 1ž /q	 1 4cŽ .
if r 1,2 g 	 2K
 MŽ .
q	 1 2 g 	 2  q	 2Ž . Ž . Ž .K q	 1
if r 1,
Ž ni. d iŽni	1 .where for each i, s  n  p 	 q .i i i
Ž .Defining Equation for k M
Ž .Let K k  be a cyclotomic function field. To compute the divisorM
Ž .  4class number h of K using N K , i 1, . . . , g , we need a definingK k
Ž .  equation for Kk, that is, the minimal polynomial f x, y  k y of aM
generator y of K over k.
Ž . Ž .Carlitz showed that f x, y is a polynomial of degree  M in y andM
y M  f x , y .Ž .Ł N
NM
Ž .We obtain f x, y using the Mobius inversion formula¨M
Ž .	 N2N1f x , y  y ,Ž . Ž .ŁM
MN N1 2
where 	 is the Mobius function.¨
Diisibility of the Ideal Class Number
The following proposition and its corollary are classical in the number
field case. However, we could not find any proof in the literature for the
function field case.
 PROPOSITION 4.1. Let N, M  x such that N diides M. Then theq
Ž . Ž . Ž .ideal class number h N of k  diides the ideal class number h MN
Ž .of k  .M
Ž . Ž . Ž .Proof. Assume M is given by  . If NN x divides M, k  is aN
Ž .subfield of k  andM
r r
ni nk  : k  M   p  k  : k .Ž . Ž . Ž . Ž .iŁ ŁM i pi
i1 i1
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 4Let j 1, . . . , r and assume
N pni .Ł i
ij
Then
 MŽ .
n jk  : k    pŽ . Ž . Ž .M N jni
  pŽ .i j i
Ž Ž ..is thus equal to the ramification index of the place p  p x of k in thej j
Ž . Ž .nextension k  k. Since the extension k  k is unramified at p , wejp N jj
Ž . Ž . Ž .have that k  k  is totally ramified at p . As a consequence, h NM N j
Ž . Ž   .divides h M see 13, Proposition 2.2 , for instance . Now if
niN p x ,Ž .Ł i
 4iI 1  r
Ž . Ž .one proves that h N divides h M by recursion. In the general case
Ž .nN M, one gets the result noticing that in any extension k  ip Ž x .i
Ž .nk  , with n  n , the place over p is totally ramified.p Ž x . i ii
Ž .COROLLARY 4.2. If k  k has ideal class number equal to one, thenM
Ž .for any N diiding M, k  k has ideal class number equal to one also.N
5. THE PRIME POWER CASE
In this section, we assume
n
K  x ,  , M p xŽ . Ž .q M
Ž .  with irreducible p x   x . According to Proposition 4.1, this is the firstq
step to go to a general M.
Ž .nPROPOSITION 5.1. The imaginary cyclotomic extensions  x,  kq pŽ x .
with ideal class number equal to one are
 Ž .  with q 2, a  ,q x	a q

2Ž . Ž . x,  with, up to isomorphism x x 1, p x  x  1,3 pŽ x .
 Ž .2 x,  up to isomorphism x x 1.3 x
Ž .Proof. Set d deg p x . Assume first that n 1.
i. If d 1 then h  1.S
Ž . Ž . Ž . Ž .4ii. If h  1 and n 1 then q, d  3, 2 , 3, 3 , 4, 2 or d 1.S
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Indeed:
i. If d 1, with n 1 then g  0 and h  h  1 trivially.K K S
Ž .ii. From 4c ,
1 q d 	 1 q	 2Ž .Ž .
dg  q 	 2 d	 2 Ž .Ž .K ž /2 q	 1
and
1 q d 	 1
g  	 1 d	 2 .Ž .K ž /2 q	 1
Ž . Ž . Ž .We then use formulae 3c and 3b and we get a contradiction to 3a and
h	  1 excepted in the mentioned cases.S
Ž . Ž . Ž . Ž . Now, using 1d for h and h , 4a for  M , 4c for g and g ,K K K K
Ž . 	 Ž . 	 Ž4b for r , and 3a for h , we have made the following computations forS S
 .the case q 3, d 3, we refer to 9 .
 	 	 Ž . q d  M g g h h r h h hK K K K S S S S
3 2 8 2 0 8 1 8 1 1 1
 12h  2  n 12K3 2 n  n 1
with n 1
4 4 4 4 4 44 2 15 5 0 3  7 or 3  2 1 3 7 or 2 1 7 or 2
Ž .nNext, we assume K k  with n 1.pŽ x .
Ž .According to Proposition 4.1, the ideal class number of k  kpŽ x .
Ž . Ž .n ndivides that of k  k, and we only have to study the cases k  kpŽ x . pŽ x .
Ž .with either d 1 and any n, q , or d 2, q 3 and any n.
Ž . Ž . Ž . 	We use formulae 3c , 3b , and 3a with h  1 to get the followingS
possibilities:
i. If q 5, then n d 1,
Ž . Ž .ii. if q, d  4, 1 then n
 2,
Ž . Ž .iii. if q, d  3, 1 then n
 5,
Ž . Ž .iv. if q, d  3, 2 then n
 2.
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We obtain
 	 	 Ž . q d n  M g g h h r h h hK K K K S S S S
3 1 2 6 1 0 4 1 4 1 1 1
10 3 2 2 83 18 10 3 2  7 2  7 2 7  7
4 34 1 2 12 3 0 3 1 3 3 1 3
Ž . Ž . Ž .  Ž .3In case q, d, n  3, 1, 4 or 3, 1, 5 , K contains K   x, 3 Ž x	a.
Ž . Ž .and h K  1 divides h K .S S
Ž . Ž .We are left with the case q, d, n  3, 2, 2 .
Ž .    	 35Then  M  72, K : k  36, g  82, g  32, and r  2 . Ex-K K K
plicit computation would be harder here. However, we have, on the one
Ž .hand, N K  36 and, on the other hand,1
  4N K  36 36 finite rational places of k totally split in KŽ .1

 48
Ž  . Ž .for the last inequality, see, for instance, 2, tables . Thus N K  361
Ž . Ž . Ž . 	 Ž .N K . With this, 3b , 3d , and h  1, we obtain a contradiction to 3a .1 S
6. THE GENERAL CYCLOTOMIC CASE
Ž .Now we treat the case K  x,  , q 2, for a general polynomialq M
M. Because q 2, each subfield of K is imaginary over k and thus, from
Proposition 4.1, the factors of M have to be chosen among those men-
tioned in Proposition 5.1. So we can assume that M has the factorization
r r r1 2 3
2MM x  p x x	 a x	 b ,Ž . Ž . Ž . Ž .Ł Ł Łi i i
i1 i1 i1
where the p ’s are distinct irreducible polynomials of degree 2, then a ’si i
and b ’s are all distinct, andj
Ž .I q 3 and r  2, r  r  0,2 1 3
Ž .II q 3 and r  1, r  1, r  0, or r  2, r  r  0,1 2 3 1 2 3
Ž .III q 3 and r  0, r  0, r  1.1 2 3
These three cases will be treated in Sections 6.1, 6.2, and 6.3, respectively.
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Ž .6.1. Case I
Ž .Let K  x,  , withq M
r
MM x  x	 a , r r  2.Ž . Ž .Ł i 2
i1
Then h  1 if and only if K is one ofS
 x ,  ,  x ,  , deg q  1Ž . Ž .3 q q 3 q q q i1 2 1 2 3
 x ,  , deg q  1, q q  x x 1 , x w x w2 , 4Ž . Ž . Ž .Ž .4 q q i 1 21 2
² : where w   .4
Ž . Ž . rProof. We have  M  q	 1 , and
r	11g  q	 1 rq	 q	 2 r  1,Ž . Ž .K 2
r	21
g  q	 1 rq	 2 r	 2 q 2  1.Ž . Ž .K 2
Ž .Using 4b , we have
Ž . r	1q	1 	2	r  q	 1 .Ž .K
	 Ž . Ž .If we assume h  1, using 3c and 3b , this gives either q 3, r
 8, orS
q 4, r
 2.
 Now, when q 3, the cases r 3 have to be excluded because  x3
contains only three monic polynomials of degree 1.
The following table allows us to conclude.
 	 	 Ž . q r  M g g h h r h h hK K K K S S S S
3 2 4 0 0 1 1 1 1 1 1
3 8 1 0 4 1 4 1 1 1
2 23 if M x x 1 , x w x wŽ . Ž .Ž . 4 3 34 2 9 1 0 1 3 1
1 13 otherwise
Ž .6.2. Case II
We now assume
r r1 2
 K  x ,  , M x  p x x	 a   x ,Ž . Ž . Ž . Ž .Ý Ł3 M i i 3
i1i1
Ž .with deg p x  2.i
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Then h  1 only ifS
Ž . Ž .i. r , r  1, 1 ,1 2
Ž . Ž .ii. r , r  1, 2 ,1 2
Ž . Ž .iii. r , r  1, 3 , or1 2
Ž . Ž .iv. r , r  2, 0 .1 2
Proof. We have
r r1 22 3 r r1 2 M  q 	 1 q	 1  2 ,Ž . Ž .Ž .
 S 	1q	 1Ž . 3 r  r 	11 2	 2 	2r   2 ,S q	 1
7 r 323 r r 	11 2g  2 r  	  1,K 1ž /4 2 2
7
3 r r 	31 2g  2 r  r 	 4  1.K 1 2ž /2
 Since there are three polynomials of degree 1 in  x , necessarily r 
 3.3 2
Ž . Ž . 	If r  1, then if r  3, 3b and 3c give h  1 and we also obtain2 1 S
	 Ž . Ž . Ž . Ž . Ž .h  1 using 3b and 3d , with N K  M  q	 1 , if r  2. As aS 1 1
consequence, and according to Proposition 4.1, r 
 1 whenever r  1.1 2
Ž . Ž . Ž . Ž . 	Finally, if r , r  3, 0 , then 3b and 3c give h  1 and so r 
 21 2 S 1
when r  0.2
Ž . Ž .6.2.1. Case r , r  1, 11 2
Let
K  x ,  , with deg q x  2 and a  .Ž .Ž .3 qŽ x .Ž x	a. 3
Ž .Then h K  1 if and only if K is one of the following:S
 x ,  2 ,  x ,  2 ,  x ,  2 x .Ž . Ž . Ž .3 Ž x 1.Ž x2. 3 Ž x x2.Ž x1. 3 Ž x 2 x2.
Ž . 	 6Proof. We have  M  16, q  7, g  2, and r  2 .K K S
The defining equation for K is
y M Ž x .
f x , y   0.Ž .M qŽ x . x	ay y
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2  Ž .Setting z y in this equation gives us the defining equation f z, x  0M
of Kk. We then compute the following table:
 	 Ž .M x , up to x x 1 h h h h hK K S S S
2 8 2 2 2Ž .x  1 x 2  3 2  3 3  3
2 7Ž .Ž .x  1 x 1 2  3 17 2 17 3  3
2 7Ž .Ž .x  1 x 2 2  17 2 17 1 see below
In the last case, it remains to compute h or equivalently r.S S
The group Div 0 of zero degree divisors supported on S is a freeS
 abelian group of rank S 	 1 7 and it is generated, for a fixed choice of
a P  S, by the divisors P	 P , P S. Since g  2 0, P	 P is0 0 K 0
not a principal divisor of K and as P runs through S, the class of
P	 P runs through different elements of Pic0, which is equal to the0 S
group Div 0 modulo the principal divisors supported on S. As a conse-S
quence
  0 r  Pic  7. 6aŽ .S S
Since
34 h  r .h 6bŽ .K S S
we get
r , h  17, 2 or r , h  34, 1 . 6cŽ . Ž . Ž .Ž . Ž .S S S S
 Ž  .Let us prove that h is odd, so that the only possibility will be r , h S S S
Ž .34, 1 .
Ž . Consider the extension K k k  k. It is of degree 8 and K K1 qŽ x . 1 1
is quadratic.
Also KK is a quadratic extension, hence Kummer, in which four1
Žrational places split and two places ramify: one of degree 4 the one above
Ž .. Ž Ž Ž ... x	 a , and one of degree 2 the one above q x . Since g  0, thereK 1 Ž .is some transcendental element z such that K   z , and we may write1 3
 Ž .K  K y , with some y such that1
y2  a z b z ,Ž . Ž .
Ž . Ž . where deg a z  2, deg g z  4, and where the places of K associated1
1 with z, z 1, z 2, and split in K .z
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Ž . Ž .We give here a list of all such pairs of polynomials a z , b z :
z 2  1 z 4  z 3  2 z 1 , z 2  1 z 4  2 z 3  z 1 ,Ž . Ž . Ž . Ž .
2 4 2 4 3 6dz  z 2 z  z 2 , z  z 2 z  z  2 , Ž .Ž . Ž . Ž . Ž .
2 4 3 2 4z  2 z 2 z  2 z  2 , z  2 z 2 z  2 z 2 .Ž . Ž . Ž . Ž .
 Ž .Now h is even if and only if the Hilbert class field extension H K S Sz Ž  .K , associated with K , S wherez
1
S  P  p , p z , z 1 , z 2 , ,Ž . Ž . Ž .z ½ 5½ 5ž /z
Ž .  has an even degree. For the definition of H K we refer to 13 :Sz
Ž . H K is the maximal unramified extension of K in which each placeSz
of S splits totally.z
   Ž .  Ž'We claim that H K : K is even if and only if K a z ,Ž .S 1z
. Ž .'b z K y is contained in it.Ž . 1
 Ž . Ž .Indeed, if H K : K y is even, it contains a quadratic extensionS 1z
 Ž .  K K y and hence a biquadratic extension K K . This degree 41 1
Ž . extension cannot be cyclic because given a ramified prime p of K y K ,1 1
Ž . Ž  .K y would be the fixed field of its inertia group in K K and p1 1
 Ž .would be ramified in K K y . This is in contradiction with the defini-1
   2 Ž . Ž . Ž . Žtion of H K . So Gal K K  2 . Now write K  K f ,'S 1 1 1z
.f . Then' 2
f f1 2
ab ,2gcd f , fŽ .1 2
 Ž . Ž .2 and since K K y is unramified, gcd f , f  1. We thus get K 1 1 2
Ž .' 'K a z , b z , as claimed.Ž . Ž .1
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Ž Ž . Ž .. Ž .Now, for each of the six pairs a z , b z given in 6d , we have that
  Ž . Ž . Ž .' ' K a z , b z K y is not contained in H K . Indeed, it isŽ . Ž .1 1 Sz
 Ž .'easy to find in each case a place of S that is inert in K a z orŽ .z 1
  Ž . Ž . Ž . Ž' ' 'K b z and thus inert in K  K a z , b z K y becauseŽ . Ž . Ž .1 1 1
Ž ..by assumption it is split in K y .1
Ž . Ž . Ž . Ž .6.2.2. Cases r , r  1, 2 and r , r  1, 31 2 1 2
Ž . Ž .If K   x,  or K   x,  with3 qŽ x .Ž x	a.Ž x	b. 3 qŽ x .Ž x	a.Ž x	b.Ž x	c.
Ž .deg q x  2 and a, b, c  all distinct then h  1.3 S
Proof. From Proposition 4.1, it is enough to consider the first case.
Ž .Ž . Ž .Ž .From Proposition 4.1, q x x	 a and q x x	 b must both be listed
in Section 6.2. This contradicts a b.
Ž . Ž .6.2.3. Case r , r  2, 01 2
If
K  x , Ž .3 q Ž x .q Ž x .1 2
Ž .with deg q x  2 then h  1.i S
Proof. Set
K k Ž .q Ž x .q Ž x .1 2
Ž . Ž . Ž . Ž .  with deg q x  2 and q x  q x . We have  M  K : k  64,i 1 2
g  65, g  25, and r	  230.K K S
One knows that a genus 25 function field has at most 40 rational places
Ž  .over  see for instance 2 . Since3
  4N K  32 32 rational places of K totally split in KŽ .1
we have
N K  32.Ž .1
We then infer that
N K  32.Ž .1
Ž . Consider the genus 2 field K  k  , its maximal real subfield K2 q Ž x . 22
  Ž .contained in K , and the field K  k q .K also contained in K . We' 1 2
  Ž .have K : k  8, because K  k q and K are disjoint.'1 1 2
Ž Ž .. Ž Ž .. The places q x and q x are the only places that ramify in K with1 2
index of ramification respectively equal to 2 and 4. The RiemannHur-
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Ž .witzZeuthen formula gives then g  3. Now we have N K  4K 1 2
1Ž .because it is of zero genus. These are the only infinite places. Since isx
 Ž  .totally split in K and in K we find N K  8.1 2 1
Ž .We have N K  10 which are four infinite places, the place above2 2
Ž . Ž .q x and the rational place of k which splits in k q x . Since the two' Ž .2 2
Ž . Ž .last places are both inert in k q x , we find N K  8.' Ž .1 2
Ž .We have N K  28 which are the four infinite places and necessarily3 2
two places of degree 3 of k that split totally in eight places of degree 3 of
 Ž .K . Then N K  8, 32, or 56 depending on the behavior of these places2 3
1 6 5 4 3Ž . Ž Ž . .in K . We find then L T  27T  36T  21T  N K 	 8 T1 K 33
 7T 2  4T 1.
Ž .The field k q x q x is contained in K and its zeta polynomial' Ž . Ž .1 2
2  Ž . 6 53T  1 divides that of K . This constraint gives L T  27T  36TK
4 2 Ž Ž . . 21T  7T  4T 1 N K  8 and3
h  96.K
From Lemma 3.1 we have
2224
17
h 
 h 4 
 4 10 .K K ž /22
Ž . 30Using 3d we also get h  10 . With these two estimations we find thatK
1 hK	h   2740S 	 r hS K
and so h  1.S
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Ž .6.3. Case III
6.3.1. Case r  1, r  0, r  11 2 3
Ž .If K k  withM
r r1 3
2MM x  q x x	 b ,Ž . Ž . Ž .Ł Łi i
i1 i1
Ž .where the q x are distinct of degree 2, the b are all distinct, and r  1i i i
Ž .for i 1, 2 then h K  1.S
Proof. It is enough to prove that h  1 when r  r  1. So let us setS 1 3
Ž .Ž .2 Ž .M q x x	 a with deg q x  2. Recall that q 3. Then g  47,K
     g  16, K : k  48, and K : k  24.K
Ž .K contains the field K  k  which must be listed in Section1 qŽ x .Ž x	a.
Ž .6.2.1. From the defining equation for K k we found that N K  81 1 1
Ž . Ž .which are the infinite places and so N K  24N K . Now from1 1
h   2 17 and Lemma 3.1 we getK 1
1416
11
 h 
 h 4 
 4 10 .K K 1 ž /14
Ž . 21 Ž . 	From 3d we have h  2.7 10 and from 3a we get h K S
	22
2 h h  1610.K K
6.3.2. Case r  0, r  0, r  11 2 3
Ž .If K k  withM
r r r2 3 3
2 2MM x  x	 a x	 b or M x  x	 b ,Ž . Ž . Ž . Ž . Ž .Ł Ł Łi i i
i1 i1 i1
Ž .where the b ’s and the a ’s are all distinct, then h K  1 if and only ifi i S
K  x ,  2 ,  x ,  2 ,  x ,  2 . 4Ž . Ž . Ž .3 xŽ x1. 3 Ž x2. x 3 Ž x1.Ž x2.
Proof. First, set
2M x  x	 a x	 b ,Ž . Ž . Ž .
Ž .   with a b. Then recall q 3 , K : k  12, g  4, and g  1.k K
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The defining equation for Kk is
y Ž x	a.Ž x	b.
2
y x	b
f x , y   0,Ž . 2a , b Ž x	a.Ž x	b. Ž x	b.y y
 Ž .'and that of K is f x, y  0. We obtain the following values:a, b
	 
M up to x x 1 h h h h hK K S S S
2 4Ž .x x	 1 2  7 7 1 see below
2 4Ž .x x	 2 2  3 7 7 3  3
In the first case, we have 7 h  hr and r 1; hence h  1K S S S S
and h  1.S
Now from Proposition 4.1, if
r r r2 3 3
2 2M x	 a x	 b or M x	 bŽ . Ž . Ž .Ł Ł Łi i i
i1 i1 i1
with the a ’s and b ’s all distinct, then necessarily: if r  2 and r  1,i i 2 3
Ž . Ž . Ž . Ž .4then a , b  0, 2 , 1, 0 , 2, 1 contradicts a  a for i j, and if r i i i j 3
Ž . Ž . Ž . Ž .42, then b , b  0, 2 , 1, 0 , 2, 1 contradicts b  b for i j.i j i j
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